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PART - A

1. Write down the formula to find the angle between Planes
a1x+b1y+clz+d1 = Oanda2x+b2y+C2Z+d2 =0

The angle between two planes is
aia, + bib, + cic;

Jaz + b? + c2\Ja? + b? + ¢?

cosf =

2. Write down the Condition for the line x—lxl =y _ 74

to be Parallel to the Plane ax+ by +cz+d =0
Condition for the line to be parallel to the plane is

al+bm+cn=0 and ax; + by; + cz;d #0

3. Formula for the Length of the tangent from the Point (X, Y, Z)tothe Sphere
x> +y*+z*+2ux+2vy+2wz+d=0is?

The length of the tangent from a point to the sphere is

PT :\/xf + vZ + 72 + 2ux, + 2vy; + 2wz, +d

4. Writethe formula for equation of Tangent plane to Sphere

x2+y:+z2+2ux+2vy+2wz+d=0is?at (x,y,2)
The equation of tangent plane to sphere is

xx;+yy; +zz; +ulx+x)+viy+y)+wiz+z)+d=0

5. Write down the intercept form of the equation of a plane
. X .y .z
The intercept form of the plane is - + > + o= 1

6. Write down the Condition for two given straight lines to be coplanar.



The condition for two lines

xX—x Y-y z—z )
= = and 2 =222 =""2pbe coplanaris
I my ng I my n;

Xp—=X1 Y2—Y1 2212
l1 mq nq =0
l, my n;

7. Find the centre and radius of the Sphere x* + y* + z% + 2ux + 2vy + 2wz +d = 0

The centreis c(—u,—v,—w)

The radius r =Vu2 +v2+w?2—-d

8. Write down the formula for intersection of two spheres:

The intersection of two sphere is

s;—S;=2x(u—u)+2yv—v)+2zw—-wy;)+d—-d;, =0
9. Find the equation of the plane through Pt(2, -4, 5) and parallel to the plane

4x-2y—-Tz+6=0

Equation of a plane parallelto 4x — 2y —7z+ 6 =0is4x -2y —-7z+ K =0
Given 1 passes thro (2,—4,5)
=>4(2)-2(-4)-75)+K =0
8+8-354+K=0
K=19
SubK =19in1
The equation of the planeis4x -2y —7z+19 =0

. . . x—2 y-3 z+2
10. Find the point where the line 5 T2 T s



meets the plane x—y+z=35

Let the given line be

x—2 y—-3 z+2
3 4 5 |

~ any point on the line is (3r + 2,4r 4+ 3,5r — 2)
it meets theplanex —y —z =15
=>3Br+2)—(4r+3)+(5r—2)—-5=0
3r—4r+ 5r+2-3-2-5=0
4r =8
r= 8/4 => r=2
-~ the point of contact is(8,11,8)

11. Find the Centre and Radius of the Sphere 4(x2 +y% + zz) +10x—25y—-2z=0

Given
S:4(x?+y2+2z%)+10x—25y—2z=0
I 2+zz+2x—§ —EZ_O
- Y 4 X7y TR
. Centr E'(_S 25 1)
sLentre. e 8 s

2 2 2
Radius r:\/(_5/4) +(25/8) +(1/4) -0
_ 25 625 1 [2613 625
= 116762 16~ 168 T o1

104 + 625 729 27 . 27
= = =— Radius r = 5

64 64 8

12. Find the equation of the Sphere thro the circle x*> + y? + z2 = 9,

2x+3y+4z=5 and point (1,2,3)



Given : s=x2+y +7°-9=0; 2x+3y+4z-5=0

The equation of sphere thro circleis S+ KL =0

=>(x?+y’+2°-9)+K2x+3y+4z—5)=0
1 passes thro (1,2,3)
1+4+9-9+K(2(1)+3(2)+4(3)-5) =0
K="1/3; SubsK in1
The equation of sphereis 3x* +3y?> +3z> — 2x—3y—4z—-22=0
13. Write the equation of the plane making intercepts 2, 3,4 on the axes
ox,0y,0z respectively
Given a=2,b=3,c=4

Equation of plane in intercept form is

6x+4y+3z=12

The equation of the planeis 6x+4y+3z—12=0

14. Find the length of the Tangent from the point (1,0, 2)to the Sphere
xX2+y?+22+4x+2y+6z+3=0

GIVEN: S: x?+y?+2z2—-4x+2y+6z+3=0 at (1,0,2)
The Length of The Tangent is
PT? = x? + y? + z2 4+ 2ux, + 2vy; + 2wz, +d
=> PT?2=(1)24+ (02 + (2)*+(-4)1+2(0)+6(2)+d
=5-4+15=16

=> PT? =16



=> PT =4

LENGTH OF THETANGENT , PT = 4units

15. Write down the Equation of the Plane x_lxl = =

and Parallel to the line —— = —
ll mq nq

The Equation of the Plane Containing the Line

X=Xy V=V Z—7Z;
l m n

x —
1Y 7O
ly my n,

a(x=x) +b(y=y) +c(z—2)=0

together with al+bm+cn=0 & aly+bm;+cn; =0

16. What are the Intercepts of ax + by + cz+ d = 0?

ax+by+cz+d=0

ax + by +cz=—d

a b c
+by(—d)=> _—dx+_—dy+_—dz=1
X y Z
=> + + =1
~4/, _d/b —d/

~ x intercepts is _d/ a
-y interceptsis —9/ b

. z intercepts is _d/ c

17. Find the Length of Perpendicular drawn from (1,2,3)on 2x+3y+4z+8=0



Given:
2x +3y+4z+8=0 => (x,y,2z1)=(12,3)

lengthof L rdrawn from(1,2,3)on plane

_ |ax1 + by, +cz; + d|

va? + b? + ¢?

_|2(1)+3(2)+4(3)+8|_|2+6+12+8|
V22 ¥ 32+ 42 VA+9+16

_|2+6+12+8|_|28|

Vv4+9+16 V29
lengthof Lrd 28 it
en o rarawn = —units
g V29

18. Find the Length of the Tangent (1, —1,1) to the Sphere x? + y?> + z>2 + k=0

Given :

S: x> +y?+224+k=0 = (x;+y;,+2z)=(1,-11)
length of the tangent is PT? = x? + y? + z? + 2ux, + 2vy, + 2wz, +d

PT? =12+ (-1)2+ (1)?+K

PT?=3+K
PT =V3+K

length of the tangent is Pt = VK + 3units



19. State the Condition for the Straight Line x—lxl = =

to lie on the plane ax + by +cz+d =0

Condition for line to lie on the plane:
The line should be parallel to the plane and
any point on the line should pass through the plane.

20. Find the tangent plane at (-1,4,-2)on x> + y* +z2 —2x—4y+2z—-3 =0

The equation of the tangent plane is
xx, +yy; +zzy tulx+x) +viy+y)+wliz+2z)+d=0

The equation of tangent plane at (-1, 4,-2) on x? + y2 + z2 —2x — 4y +2z—3 =01is

x(-1) +y(4) +2(-2) + (-2) (2) -4 () + 2(E2) -3 =0
—x+4y—2z2—x+1-2y—-8+z—-2-3=0
—2x+2y—2z—-12=0

2x —2y+z+12=0

The equation of the tangent planeis 2x—-2y+z+12=0
21. Find the normal form of 2x — 6y + 3z = 2.
Given :
2x—6y+3z—2=0
=>aqa=2;b=—-6;c=3;d=2

a

[ =
va?z + b? + ¢2

2 2 2

V22+(—6)?+32 V4+36+9 V49



.. -6 3
similarly m = — and n = =

normal formislx+my+nz=p

d
p= va?+b?+c?

2
P=3

.2 6 3 2

The normal form is S X—cyt-oz=-

=> 2x— 6y + 3z =2.
The normal formis 2x—6y+3z—2=0

22. Evaluate:

/4 avcos 26
j f rdr do
/s O
Solution:
/4a\/c052 /4 avcos 26
f f rdr df = j f rdr | dé@
7 2
/4 T/

J ( /2) cos 26 _ faz c;)sZB 10

T4 T4



/4
:az/2 faZCOSZH do

T4

2 [sinZB]n/4
=a

2 1
11'/4 avcos 26
f f rdrdo = @'/,
Ty 0
23. Evaluate:
/s
f cos’0 cos®0 do
0
Solution
/2 retipatt
W.K.T f cos*0 cosi6 db =%
J 2 ——
/5
j 76 cos30 df = o
cos’8 cos =7

0

_3Ix2!
T 2x6!

1
120

24. Write down the recurrence formula for I'n

Solution:

Recurrence formula for I'n

In+1=nln, n > 0; which is true for onlyn >0



25. . Evaluate:

Solution:

26. Evaluate

Solution:

dx=2m.

\8

o (1+ x)x3/4

1

fx“(l —x)3 dx

0

1
W.K.T.Jxm_l(l - )" dx = f(m,n)
0

11



I'mI'n

p(m,n) =

'm+n

1

fx4(1 O dx = rsr4 4! 3!
19 gl

0

27. Find the value of I'n

Solution:

r=1
28. Find the value of T ‘71
Solution: 'n = anﬂ

-1 F_?l +1 -1

r— = = —2I—

2 —1/2 2

-1

I—=—-2m.

29. Evaluate:
f Vxe ™ dx
0

1
put t=x3 =>x=t/

/280

12



dt = 3x%dx

e

dx = —
x 3x2

whenx =0, t=0; x =, t=owo

0 . 0 dt
fﬁe‘x dx = j,/tl/S et —
) 3t7/3

0

o0

= 1/3ft_3/6 e t dt

0

o0
1 1, _p =2y
= XEJ.]'L!EE t 3 dt
]

[ee]

= 1/3ft_1/2 e”t dt

0

= Y3 [y 41
= 13 Y,

30. Define (f) beta function

Beta function can be defined as B(m,n) = fol x™ (1 —x)" ldx
31. Write down the formula for relation between beta and gamma function
The formula for relation between (8)beta and (y)gamma function is

I'mIln
'm+n

p(m,n) =

form >0, n>0

13



11. Prove thatl“% =

From 1 and 2

Vi

W.K.T (m.n) = I'mI'n u B _1/
K. ﬂm.n—rm_l_n ere m=n=1/,

1.1

r=r-=

B2 ) = 5

[=+>

2 2

2
= F%) SinceT'l1=11=1
ri )

2

82 2 = (r3)

A
/2

W.K.T B(mn)= 2] sin®™=19 cos?™ 10 do
0

Here m=n= 1/2

T/,
B/ Y5) = Zf sin?(V2)71g cos2(*/2)19 do
0
T/,
= 2[ sin’0 cos’0 db
0

"
= zf do =2[6],/2 =27/,
0

5(1/2;1/2)=7T

14



12. p(m,n) = B(n,m)

Solution:

1

ﬂ(m’n) — fxm—l(l _x)n—l dx

0

By the property of definite integrals

ff(x) dx:ff(a—x)dx
0 0

f(m,n) = f(l —x)™ 1x" 1 dx
0

1
= fx”_l(l —x)™ 1 dx
0

B(m,n) = B(n,m)
13. Find the value of I'0 and I'1 — n where ‘n’ is a positive integer.
(@ ro

W.K.T Tn+1=nln

m+1
I'n =
n
ro+1
Here n =0, ro=
0
_Fl
)
1“0—1
0

15



[0 = co.
=~ T'0 is undefined
(ii) T1—n
MM-n=0-n-1Dr1-n-1
= —nl'—n = undefined
Since T' —n is undefined

'nll—n=

sinnm

/A

1
[MT—-—n=— - —
I'n sinnn

14. State the recurrence formula for gamma function

The recurrence formula for gamma functionisTn+ 1= nI'n (or) I'n=

PART -B

'n+1

16



1. Find the shortest distance

x—3_8 _ 3x+3_y+7_z—6
3 CTYTITS T T T, Ty
Solution:
-3 8- -3
let ——="F=""—p » O
3 1 1

Any point on line @ is G@3r,+3,-1r,+8,1+3)
Any point on line @ is H(=3r, — 3,21, — 7,41, + 6)
The direction of line joining the point G & H

Bry+3+4+3r,+3,—1r+8-2rn+7nrn+3—4r,—6)

(le)[ (3T1 + 37‘2 + 6), (_Tl - ZTZ + 15),(T1 - 4T2 - 3)]
The direction’s of Line D (3,-1,1)

Since GH us L rto AB by perpendicular condition l;l, + mym, + nyn, =0

We've 97y + 91, + 18+ 1, +2r, —15+1, —4r, —3 =0

11r +7,=0 — ©)
Also the direction of line @ is (-3,2,4)

GH is perpendicular to @

We've =91, — 91, — 18 — 2r; — 41, — 30+ 4r; — 161, —12 =0

17



—7r, — 291, =0 — @
Solving ®a®
®@X7=> 77, +49,=0

@ X 11=> -77r, + 3191, = 0

-270r, = 0

Sub ,=0in®

11, +0=0
11, =0
T1=0

subr, =0 &r,=0inptG&H

~ G Co — ordinates are (3,8,3)
~ H Co — ordinates are(—3,—7,6)

Shortest distance between G & H is

= \/(xz —x1)2+ (2 —y1)? + (2 — z1)?

=/(=3-3)2+ (-7 -8)2 + (6 — 3)2

= V(=67 + (=152 + (3)?

=36 + 225+ 9 =+/270

18



~. shortest distance between given the skew line is
=270

2. Find the centre and radius of the circle x> + y? + z2 — 2y — 4z = 11 and
x+2y+2z=15

Solution:

Given the equation of the sphereis x2 + y2 + z2 =2y —4z— 11 =0

centre = (—u,—v, —w)

centre = (0,1, 2)

radius =V0+1+4+11=vV16 =4

Let the foot of the L r Qfrom the centre (0,1,2)to the plane x + 2y + 2z — 15 =0 by (x,y,2)
The direction of CQ is (x-0,y-1,z-2)
The direction of x + 2y + 2z — 15 = 0 is (1,2,2)
The line CQis L r to the given plane and hence parallel to the normal to the plane

The direction of proportional

y—1 z-12

=K
2 2

x —
1=
The point Qis (K, 2K+1,2K+2)
The pointis lieson the plane x +2y +2z—-15=0
K+2(2K+1)+2(2K+2)—-15=0

K+4K+2+4K+4—-15=0

19



9K -9 =0

9K =9

The point Qs (1,3,4)

Distance between two pointsy/ (x, — x,)% + (¥, — y1)% + (2, — 21)?

CQ=+J1-02+B-1)2+ (4—2)2

=Vi+4+4=v9=3
CQ = 3 units

Radius of the circle QP = /r? — CQ?
QP =42 —-32=V16-9 =7
radius of the circle QP = V7 units

Centre of the circle is (1,3,4) and radius is V7 units

3. Derive the intercept form of a plane

Statement :

find the equation of a plane making intercepts a,b.c on the axis ox, oy, oz respectively
Proof:

let the given plane meet the co-ordinate axis ox, oy, oz, at A, B, C respectively

~ 0A

Il
Q

20



~0B =b
~0C =c
Hence the co-ordinates of the points A,B,C are respectively (a,0,0), (0,b,0), (0,0,c)
Let the equation of the plane be,Px + Qy + Rz+ S =0
Since it passes through the point A, B, C We've

Subs the values in
_—Sx+(—3/ W+ (5/)z+5=0

a b ¢
(ie) = S[¥/a+”/p+7/c—1] =0
(i) ¥/a+”/p+%/c—1=0
X y Z/ —

/a+ /b +%/c=1
This is known as intercept form of the equation of a plane.

4. Find the equation of the plane through the line
x-1 __y+6 _ z+

=21 and parallel to
3 4 2

x—2 1-y z+4

2 3 3
Solution:
Given that
x—1 y+6_Z+1 g ®
3 4 2 g

Equation of the plane passing through line @ is

ax—1D)+b(y+6)+cz+1)=0 —> @

3a+4b+2c=0 — ©)



Since it is parallel to the line

x—2 1- zZ+4
=Y _ 3 we've2a—3b+3c=0 — @

Solving ®&®

a b B c
1246 4—-9 —-9-8

a=18; b =-5; c =-17
suba,b,cin
18(x—-1)-5(y+6)—17(z+1) =0

18x—-18—-5y—-30—-17z—-17=0

18x — 5y — 17z — 65 = 0 which is arequired equation of the plane.

5. Obtain the equation of the sphere through the origin and the circle given by
x2+y?+z22=1x"+y*+2*+x+2y+3z2-5=0

Solution:

Equation of the sphere passing through the given circle is
(2 +y24+22 - D+ K2 +y2+224+x4+2y+32z-5) =0 —O

x2+y?2+22 -1+ Kx*+Ky* +Kz> +Kx + K2y +K3z—-5K=0 —Q@

22



Since it passes through the origin (0,0,0)

—1-5K=0; K=—
’ 5

sub Kz_?lin ®

x2+y2+22—1+<_1/5)(x2+y2+zz+x+2y+32—5)=0

5x2+5y?+5z22 -5 —x?—y?—z2—x—-2y—3z+5=0
4x% +4y%2 + 47> —x —2y—3z=0
4(x>+y?>+2z3)—x—2y—-3z=0

Which is arequired equation of the sphere

6. Show that the plane 2x — 2y + z + 12 = 0 touches the sphere
x> +y*+2z*—2x—4y+2z—3 = 0 And find the point the contact

Solution:

Givenx? +y?+2z>—2x—4y+2z—3=0
Centre=(-u, -v, -w)

Centre=(1, 2, -1)

radius = Ju? + v2 + w2 —d
= V1+4+1+3=+9=3units

The perpendicular distance from the centre to the plane 2x — 2y +z+ 12 =0is

23



2()-22)+(-D+12 9
Vi+4+1 3

perpendicular distance =

Perpendicular distance =3 units

From ©&®@

The L r distance from the centre (1,2,—1)of the sphere to the plane
2x — 2y +z+ 12 = 0 is equal to the radius of the sphere.

Thus the given plane touch the sphere let the point of contact be p(x,y, z),
direction ratio’s of the line joining the centre (1,2,—1)of the sphere and
p(x,y,z)are (x — 1,y — 2,z + 1)and direction ratio’s of the normal to the plane
2x — 2y +z+ 12 = 0 are parallel
We've

x=1 y—=-2 z+1
2 2 1 T

Any point on this lineis 2r+1,-2r+2,r—-1) __— ©)

Since this point lies on the plane 2x — 2y +z+4+12 =0

2Qr+1) —2(=2r+2)+r—1+12=0

r4+2+4r—-4+r—-14+12=0

9r = -9
r= 9 =
Subr =—1in 3 we've

2(-1)+1,-2(-1)+2,-1-1

24



(ie) (—1,4,-2)

~ the point of contact of the sphere & plane is p(—1, 4, —2).

7. Prove fon/z log(sin x) dx = glog <1/2)
Solution:

/2
I:f log(sin x) dx
0

Putng—x

T

/2
I= fo log (sin (™/, = x)) dx

T

/2
I:f log(cos x) dx
0

Adding 1 & 2 we get

/2 /2
21 = f log(sin x) dx + f log(cos x) dx
0 0

/2
21 = f log(sin x cos x) dx
0

/2 sin 2x
21 = f log( )dx
0 2

/2
21 = J (log sin2x — log?2) dx
0
/2 /2
21 :f log sin 2x dx — f log 2 dx
0 0

/2
21 :f logsin2xdx — ™/, log 2
0

25



s
To evaluate | /2 log sin 2x dx

Put2x =y
2dx = dy

d
7y:dx

T

whenx =0,y =0;x =E,y =7
/2 ™ dy

f logsin 2x dx = f logsiny —
0 0 2

T
= 1/2L logsiny dy

3

L 2

= /Z'ZJ;) logsiny dy
/2

:f logsiny dy
0

/2
= f logsinx dx by using the properly
0

Sub 4 in 3 we get

T

21 :f 2logsinxdx—"/2 log 2
0
21 =1-"T/5log2
2l =1 =-"/5log2
I = —”/2 log 2
I="T/5log (2)7!

I=7/,log (1/2)

26



T

/
J 2log (sinx) dx =T/, log (1/2)
0

8. Evaluate

[log(a? — x?) dx

Solution:

u=1log(a®—x?) du= (—2x)dx

[aw= [ ax

=X

fudv:uv—fvdu

1
f log(a? — x?) dx = log(a? — x?)x — fxm(—Zx)dx

a2 — x?

_ 2 2 2x°
=xlog(a“ — x°) + az—xzdx
a?(a? — x2
:xlog(az —x2)+2jﬁdx
, a’dx a? —x?
=xlog(a® —x*) + 2 jaz—xz_Jaz—xzdx

dx
=xlog(a® —x?%) + 2 (azjaz_xz—de)

1 a+x
xlog(a® — x*) + 2a >a log e X

flog(a2 —x%) dx=xlog(a* —x*)+ a log(

9. Evaluate

1
J sin ! x dx
0

a+x

a—Xx

)-x

27



1
f sin"!x dx =sin tx xj
0

_7T+1J‘ —2x
2 2)V1=%2
1

1
=%+5(2 1—x2)0

8
2

120 1
+§()(—)

=2i0-1n="2
2 2
10. Evaluate :
f X + sinx

1+ cosx
Solution:
WKT

_ 2tan 6/2
sind = —29

1+tan?Y/,

dx

1 1 1
- X - dx
0 J0 V1 —x?

[since j %dx = ZW]

28



1-tan?9/,

cosO = Y T

1+tan?Y/,
2tan*/,

f X + sinx d fx + 1+tan?¥/, d
—dx = | —————* dx
1+ cosx 1 1-tan?¥/,

1+tan?¥/,

x + xtan? x/z +2 tanx/z
B f 1+ tan?*/5 +1 —tan?*/,

= %f(x(l +tan®X/,) + 2 tan*/,) dx

1
=5stec2x/2dx +2j tanx/zdx]

Put t = tan*/, => 2tan™(t) = x

dt = sec**/, - dx/z => 2dt = sec* ¥/, dx

2dt
1+t2

1r t2dt
=3 JZtan_l(t)Zdt + ZJ ]

X =

1+t2

= :4Jtan_1(t)dt +4J dt]

1+ t2

—4>ft _l(t)dt+J tdt]
20 1+¢2

—th _l(t)dt+J tdt]
il 1+ t2

I = 2[11 + 12]
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I, = ftan‘l(t)dt

u=tan"1(t);dv = dt

= dt _,
YEIre 0 VT

dt
1+ t?

L :tan‘l(t)-t—ft-

. dt
since I, = fm

» tdt tdt
,-,I:Z[ttan (t)_f1+t2+fl+t2]

= 2t tan~1(t)

=2 tanx/z tan_l( tanx/z)

= 2tan’/y %/

) J‘x+sinx
") 1+ cosx

11.Evaluate:

xtan 1x
dx

3
(1 + x2)/2
Solution:
Put x =tan@

dx = sec?6 do

f x tan™1x 4 f tanf tan~(tan 8)

= sec%6 do
(1 + x2)°/z2 (1 + tan26)’/2

tan 0 -0 ) 0 tan b
= J—3 sec<0 do :J de
(sec?6) /> secl

dx =x tamx/2
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_J‘g sinf@ cos 0O i
B cosO 1

=J-95in9d9
u=60=>du=d0; dv=sinfdl =>v = —cosb
stinQ do =9(—C0$9)+J-C059 deo

= —0 cosO + sinf

xtan lx )
j—dxz sin0@ — 0 cos 0

1 +x2)°2

12. Evaluate:
T xtanx
dx
0 Secx +tanx

Solution:

T xtanx
let] = —  dx
o Secx +tanx

put x =m—x

dx

_J‘" (mr—x) tan (T — x)
0

sec (m — x) + tan (T — x)

dx (since tan(m — x) = —tanx)
—secx —tan x

B f" (T — x) (—tan x)
0

B f" —(r—x)tan x
0

—(sec x + tan x)

Adding 1 & 2 we get
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T tan x
2l =m _
o secx +tanx

T sinx/cos x
2l=m| ——m
/ sinx
cosx T~
J”smx cos x
I=m
o cosx 1+sinx
T sinx 1—sinx
I =1 -
o 1+sinx 1—51nx

dx

II
S|

f”sm x — sin®x
_ 2
0 sin

7Tsm X — sin’x Tsinx sin®x
dx =1 —— dx
0 0

=T 2 2
"~ cos?x cos?x cos?x
T sinx sinzx
COSX+COSX COS%X

21 = T[J (sec x tan x — tan®x) dx
0

21

[ rTT s
T J secx tan x dx — j (sec?x —1) dx]
[Jo 0

T
dx]

[ T T
21=T[J secxtanxdx—j
/o 0

[ s s
m|secx J —tan x j X]
L 0 0

2] = nt[(secm — seco) — (tanm —tano) + m — 0]

sec?®xdx + j
0

21

2l =n[-1-1+n]| =n[r - 2]

21 = [ — 2]
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4
IZE[T[—Z]

13.IfI,, = foax"e‘xdx showthatl, — (n+2)I,,_1 +an—-1I,,_, =

Solution:
a

I, = J x"e *dx
0

u=x"=>du=nx""1dx; dv=e¥dx=>v=—e%

a
= [—x"e™¥]4 +f e *nx™ 1 dx
0

a
=—qle %+ nf e *x" 1 dx
0

I, =—a"e *+nl,
Sub n by n-1in
I, =—a"1-e %+ (n—-1DI,_,
Multiply ‘@’ on both sides
al,_; =a'—a" 1. e +an—-1DI,_,

Subtract 2 from 1

I,—al,_; =—-a"e *+nl,_ ;+a"%e *—an—-1I,_,
I,—al,_i—al,_;+an—1I,_, =0
I,+n+a)l,,_1+an—-1I,,_,=0

14.1f I,,, = [ e *sin™x dx, m = 2 prove (1 +m?)I,, = m(m — DI,,_,
Solution:

u = sin™x => du = m sin™ 1x cos xdx

Jdvz.[e"‘dx =>p= —e ¥



Judvzuv—fvdu

f e *sin™x dx = [sin™x(—e™)|5 + j e *msin™ 1x cos xdx
0

I, = mfme‘xm sin™ 1x cos xdx
0
u = sin™ 1x cos x
du = [(m — 1)sin™ ?x cos x - cos x — sin™ 'x sin x]dx
= [(m — 1)sin™ 2x cos? x — sin™x]dx
= [(m — Dsin™ 2x (1 — sin®x) — sin™x]dx
= [(m — D[sin™ %x — (sin™ 2%x sin?x)] — sin™x] dx
du = [(m — 1)sin™2%x — (m — 1)sin™x — sin™x |dx

du = [(m — 1)sin™%x — m sin™x |dx

fdvzfe‘xdx =>p= —e ¥

j e *sin™x dx

= m[—e ™ sin™ 1x cos x|y — mj (—e ™) [(m — 1) sin™2%x — m sin™x |dx
0

I, =0+ mf e *(m—1) sin™ 2%x — mzf e *sin™x dx
0 0

I, =m(@m-1I,_, —m?l,
I, +m?l, =m(m-1I,_,
I,(1+m?) =m(m-1)I,,_,

15. Obtain a reduction formula for
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7 7 1 n-1
JBSln"0d0n>1. P.TJ 0sin"0d0 = —+——1I,_,
0 0 n n

Solution:

Un = Jze sin6 do
0

T

Un = JZB sin® 10 sin 0 d6
0

u=0sin™"19 =>du = [0 sin™ 20 cosf + sin " 10]d6

fdvzfsin@ dg => —cos 0

T

il /2
Un = [0 sin™"16 (cos 6)]3 — J- (—cos6)[6 (n—1)sin™ 20 cos B + sin™"10]
0

/2
Un=0+ f (n—1)[6 sin™ 20 cos? B + sin™"10 cos 6]db
0

[ ("2 /s
Un=mn-1) J 0 sin™ %0 (1—sin20)+f sin™"19 costH]
/o 0

T

sin ner

[ ")z /2
Un=(mn-1) f fsin™ 2?0 |-(n— 1)f 0 sin™ %0 sin?6 do + [
Y0 0

0
/2 1
= (n—l)Un_z—(n—l)J 0 sin™0 d0+(5—0>
0
1
Up=m—-DUp,—(n—DU, + n
1
U, +(n—DU, =(n—-1DU,_, + -

1
Un+(1+n—1):(n—1)Un_2+E
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1
nU, =m—-1)U0,_, + -

n—-1 1
Up=——m-DUp2+3

16. Evaluate:
f x3 cos2x dx
Solution:
x"sin mx _,cosmx n(n-—1)
I, =————+nx" =,
m m m

I, = fx3 cos 2x dx

n=3, m=2in

/ _ x3sin 2x+3xzcos 2x  3(2)
T2 4 4 1

find Ilfxl cos2x dx = J-x cos 2x dx

u=x=>du=dx

sin 2x
fdvzfcostdx=>v= >
X sin 2x sin 2x
fx costdx:——J dx
2 2
_xsian 1f n 2 d
= > > sin 2x dx

X sin2x 1 (—COSZX)
2 2 2

X sin 2x 4 co0S2x
2 4

Jx cos2x dx =
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Sub 3 in 2 we've

x3sin2x  3x%cos2x 6[xsin2x cos2x

e e
f 3 cos 21 d _x3sin2x+3x2c052x 3 5 3 5
x* cos2xdx = — 2 7 Xsin2x —gcos2x.

17. Show that

B(m,n) = p(n, m)& prove that B(m,n) = [~ -

0 (1+x)m+n

Solution:

1

(i) pm,n) = jxm‘l (1-—x)"1dx

0
x=1—y=>dx=dywhenx=0,y=1x=1,y=0

0

B(m,n) = j (1 — y)™t yn 1 (—dy)

1

0

B(m,n) = j (1 —y)™ T ynt dy

1

1
= fxm‘l (1—x)"1dx

0

p(m,n) = f(n,m)

dx
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©co

xn—l

(i) p(m,n) = ) de

1

p(m,n) = fxm‘l (1—x)"1dx

0

1
put9c=m=>x=(1+y)‘1

dx = —(1+y) 2dy

—d
dx:(1+;)2 whenx =0,y =eo0; x=1,y=0
1 0
1 m-—1 1 n—-1 _dy
o [ ) ()
fx 1= * 1+y 1+y 1+ y)?
0 oo

n—-1

‘ 1 y dy
_I I+ym™t A+t (1 +y)?

[ 1
= j (1 +y)m—1+n—1+2 ' yn ' dy
0

PR
R —
1+ m+n
0( y)

ro1
B(m,n) = j AT omm dx using the property
0

Oj Fodx = 0] () dy
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18. Show that B(m,n) = p(m+ 1,n) + p(m,n + 1)

Solution:
WKT

I'mI'n
pGm,n) = 'm+n

Consider LHS

I'm+1Tn

InI'm+1

pm+1,n)+pB(mn+1) =

_I‘m+1Fn+Fan+1
N I'm+n+1
_mI‘mI‘n+nFan

= sinceIn+ 1 =nln
m+nIm+n

_ (m+n)'mfn _ T'mIn
 (m+n)Tm+n 'm+n

+
I'm+1+n

In+m+1

Bm+1,n)+ p(mn+1) = B(m,n)

19. Prove .That F% =

Solution:

WKT
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(1 1)— ' inceTl =1
B 55) =" T1 sincel'l = 1.
(33)-(3)

A 2'2) U2

WKT

2
p(m,n) =2 j sin®™=10 cos?™*19 dO
0

NS

LI o [ sin2(-g cos2(Ye-1)
ﬁ(z,z)—z-fsm 2740 cos“\' /270 dO
0

Il
\]
O — uin
U
N

=2("/,)
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(4D-

From1 &2

(12)} =m=> 12 =&,

20. Evaluate:

If xzyz dxdy over the circular area x* + y* < 1 y

Solution:

[f x*y?dxdy x=0

v

x varies from 0 to 1 y=0

y varies from 0 to/1 — x?

1vV1-—x2

ﬂ x2y?dxdy = 4] J x2y%dxdy
0 0
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Put x = sind => dx = cos0 df@ when x = 0,6 = 0; x=1,9:”/2

w|4>

f n%0 (1 — sin?0)/2cos 6 d@
0

w|4>

f n?6 cos* 6 do
0

4 rEipt fpips
2 2

_ 3
32r

2+4+2 - 8
2=

2
21, 113/ 1/ pl
31275 %2727
T2

3/y- Yy ViV

= 3 %3] sinceIn+1=n!l=>T3+1=23!




T3 %3x21 72

3
24,2 —
ﬂx yedxdy = 77"

21. Evaluate [[ xy dxdy taken over the positive of the circle

solution:

But given positive quadrant

~ yvaries from 0 to  a?—x?
~ x varies from 0 to a

a?-x

a 2
ﬂ xy dxdy = f f xy dxdy

x=0 y=0
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PART -C

. x+4 y+6 1-z
1. Show that the lines 3 = 5 = 2 and3x-2y+z+5=0and

2x + 3y + 4z -4 =0 lies on a plane, also. Find the point of intersection and the equation

of the plane.
Solution:
To find the symmetric form of 3x—2y+z+5=0 & 2x+3y+4z-4=0
The equation of the plane are
3x—2y+z=-5

2x+3y+4z=4

putz=20
3x —2y+z=-5 »1)
2x+3y+4z =4 )

Solving 1 &2

1xX3 =>9x—6y=-15

2X2 =>4x+6y= 8

x=""/13

subs x="7/;3in@
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3(77/13) —2y =5

22
13

Any point on the given line is (_7/13,22/13,0)

Step :2

To find direction ratio’s

2a—3b+4c=0

Solving OFAO)

3a—2b+c=0

(using the condition of perpendicular)

a b c

—8—-3 2-12 9+4

—-11 -10 13
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(a,b,c)=(—11,-10,13)

X—=X1 YV—V1_Z—Z
a b c

The equation of the line is

The equation of theline3x -2y + z + 5 = 02x +3y +4z = 4

x‘7h3:y‘nh3zz

-11 -10 13

Condition for co-planer

Ly my n, =0
L m, n;
—7 22 _
/13+4 ““13+6 01|
3 5 —2 (=0
~11 ~10 13
45 100
/13 /3 1
3 5 2|7
~11  -10 13
45(45) _100(17) 1(25) =0
13 13 B

2025 1700 325
13 13 13

=0
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The line are Co-planar

x+4 +6 1-z
let — = Z22="Z =y, —0
5 2
7 22
x+ y—
i v Phs 2o ©
-11 -10 13

Any point on the line ® is 3r,— 4;5r,— 6;2r+ 1)

Any point on the line ® is (—11r, = 7/5 5 =10m, + 22/15;13n,)

Step: 3

To find the point of intersection
Comparing x terms
37"1 - 4‘ = _11T2 - 17/13

3T1 + 11T2 = - 17/13 + 4

47



Comparing y terms

57"1 — 6= —107‘2 + 22/13
5T1 + 107'2 = 22/13 + 6

511 + 10,

100/13

Comparing z terms

—2T1 + 1 = 13T2
—2r, — 13r, = -1 ©
Solving @ &
® 3T1 + 117"2 = 45/13

X3 3r, +6r, = 60/ 4
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Sub 7, in @

Sub r; & 1y in ©)

—2(2) — 13 (‘3/13> = -1

—4+ 3= -1

—1= -1

The lines are intersecting

The point of intersecting is (2, 4, -3)

X— X1 y_yl A

Equation of the plane 4 mq ny |=0
lz mo ny
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x+4 y+6 z-1
3 5 -2 (=0
-11 -10 13

(x +4)(65 — 20) - (y + 6)(39 —22) + (z—1)(=30—55) = 0

(x+4)45)- (y+6)(17) + (z—1)(25) = 0

45x - 17y + 25z + 53 = Owhichis arequired equation of the plane.

2. Find the condition that the plane Ix + my + nz = 8 may touch the sphere
x> +y2+ 22 +2ux+2vy+2wz+d =0
Solution:

A plane will touch a sphere if the length of from the centre of the sphere to the plane is

equal to the radius of the sphere.

The centre of the given sphereis (—u, — v, —w) and the radius is Vu? + v2 + w2 — d
Now the length of the perpendicular from (—u, —v, —w) to

theplanelx + my+nz+d =0

—lu—mv—nw+d

1/l2 + m? + n?

Length of the perpendicular =radius of the sphere
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—lu—mv—nw+d

Vi2+m?2+n?

= Vu? +v2+w?—-d

Squaring on both sides

(—lu —mv —nw + D)= (u? + v2 + w2 — d)(I* + m? + n?)

(lu+ mv + nw — D)°= (I? + m? + n®)(u? + v + w? — d)

3. Find the equation of the tangent plane to the sphere
x% +y*+ 2% + 2ux + 2vy + 2wz + d = 0 at p(x, y, z) on it.

Also S.T radius to the radius through the point.
Solution:
The given sphereis x? + y2 + z?2 + 2ux + 2vy + 2wz+d =0 —> @

W.K.T the line joining the centre of a sphere to any point on pointitis L r to the

tangent plane at the point.

The centre of the given sphere is c(—u, —v, —w) the direction ration of the line joining

the point p(x,y,z) and c(—u, —v, —w) are

cp=((x+uy +v,z, +w)

The equation of the plane passing through and having cp as its normal is,
i+twEx—x)+ tv)y—y)+t @@ +tw(z—2z) =0
Since a(x —x;)+ b(y—y,)+c(z—2,)= 0

xx1+u(x—x1)—x%+yy1+v(y—y1)—y%+Zz+w(z—zl)2—z%= 0
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XX1 +yy1+Zzl+u(x—x1)+v(y—y1)+w(z—zl)—(x% +y§ +2z2)=10 —®
But (x4,¥;,2,) is a point on the sphere @ And therefore satisfies O

(ie) x3 +y2 +zf + 2ux;+2vy, +2wz; + d=0

(ie) xi +y2 +2zf =—2ux;—2vy, —2wz; — d

Substituting the value of x% + y% + z7 in @ we get
xx1+yy, tzzi tux—x) +v(y—y,) twiz—z) — (— 2ux; — 2vy, —2wz;— d ) =0

xx1 +yy, +2zz +ux —x) +v(y —y,) + wz—z¢) + ( 2ux; + 2vy, + 2wz + d
=0

xx1+yy,tzz;+ux+x)+v(y+y,)+wiz+z)+d=0

Which is required equations of the tangent plane.

4. Find theS D between z axis and straight line given by

ax+by+cz+d=0=ax+by+ cz+d

Solution :
The equation of the plane passing through the line
ax+by+cz+d=0=ax+by+ cz+dis

(ax +by+cz+d)+k(ax+by+ cz+d)=0

(@a+Ka)x+ b +Kb)y+ (c+Kc)z+d+Kd =0 —4D

)

The plane given by equation 1 is parallel to z axis The direction cosines of z axis (0, 0, 1)
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The normal to the plane is L, to z axis by the condition of L,

ola+Ka)+ob+Kb)+o(c+Kc)=0

c+Kc =0
Kc = —c
_ —C

K = /c\

Thus the equation of the plane is

(a=(p)a)x+ (b= (7 )b)y+ (e =) )z +d=(7)d =0
(ac —ac)x+ (bc\ - b\c)y +(cc —ce)z+cd—cd =0
The equation of the plane is
(ac\ — a\c)x + (bc\ — b\c)y + (cc\ — c\c)z +cd—cd =0 — @
Any point on z axis is L, to the plane @ since (0, 0, 0) lie on z axis
The shortest distance = length of the L, from (0, 0, 0) to the plane @

dc —cd

S.D Units

\/(ac‘—ca‘)2+(bc‘—cb‘)2

5. Obtain the length the tangent from (x4, y; z,) to the sphere
x2+y% + 2%+ 2ux + 2vy + 2wz =0

Solution: Let p be the point (x1,y; z;) & C be the centre of the sphere
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To prove :

A tangent from p to the sphere the co-ordinates of the sphere is equal to

Vu? + v2 + w? T

P(x1, Y1, 21) cC-U.,-V,-W)

CTis 1rtoPT

PC? = PT? + CT?

g ruw)i+(y+uw)i+(z+w)?=Pr2+u?+vi+w?—d
~ PT? = x% + y% + 22 + 2ux, + 2vy, + 2wz, +d

6. Evaluate

T

/.
f 4log(l + tan6)do
0
Solution:

| = fon/“ log(1 + tan6)d6

put 6 ="/, —6
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T

/4
s
I = fo log(1 + tan( /4 9) do)

/s tan ”/4 — tanb
I = j log| 1+ T do
0 1+ tan /4 tané

1—fn/41 (1+1_m"9)d9
A 08 1+ tan6

1+ tanf

”/41 —2 dae
| =
fo 8 <1 + tan@)

I = fon/‘*[logz —log (1 + tanf)]dd ———»@

/4 1+ tanf + 1 — tan@
I =f 10g< )d@
0

From O & @

2 = fon/‘}logz df => Log 2 fon/4 do => 1082[9]7074

ng.
g '8

/4 s
f log(1 + tan®) d6 = Log 2.§
0

=" log2
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Y[

7.f f(mn) = fo /2 cos™xcos nx dx show that fm,n) = mn:n f(m—-nn—-1)
deduce the value f(n,n)
Solution

/
f(m,n) = [ /*cos™xcosnxdx ————> O

u = cos™x jdvzfcosnxdx
du = mcos™ 1x(—sinx)dx sin nx

v =
n

. - _—
f(m,n) = cos™x 22 Jo /2 _ Jo h% mcos™ 1x(— sinx)dx

T/, sinnx _ .
=0+m fO/ZT cos™ 1x sinx dx

W.K.T

cos(n — 1) x = cosnx cosx + sin x sinnx
~ sinnxsinx = cos(n — 1)x — cosnx cos x

T/

m 2

f(m,n) = ~ mcos™ 1x [cos(n — 1) x — cos nx cos x]dx
0

m n/z m /2
= — cos™ tcos(n — 1)x dx — — cos™x cosnx dx
n Jo nJg
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f(m,n) =%f(m— 1L,n—1) —%f(m,n) by ©
f(m,n) +%f(m,n) =%f(m—1,n— 1)

m+n

Flm,m) == f[(m = 1), (n - D]

n

= fm-1n-1)
m+nfm A

f(m,n) =
if m =n,then f(n,n) =nn?f(n— 1,n—1)

=%f(n—1,n—1) —®

fo-1n-1) =1/ fm-2n-2) —0
fn—2,n-2)= 1/2f(n—3,n—3)—>@

2, becomes

f,n) =1/, (1/,)(/,) - ... ...n factors £(0,0)

1 "
=— cos®x cos(ox)dx
2™ Jo
_ 1 n/Zd _ 1 [T[ 0]
o) T nlz
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f(n’ n) = 2n+1

8. Evaluate
j"/Z sin? x
o Sinx+ Cosx
Solution:
T/, sin?x
— 2
I fO sinx+Cos x dx @
put x = (/5 = x)
=" sin®("/ = x) d
- J; sin("/5 — x) + Cos (" /5 — x) X
s 2
I=] fa_cos’x g o
0 cosx+sinx
n dx
DO+ 2] = /2—
’ fO sin x+cos x

put t = tan x/2

dt = sec’ X/, - 1/2 dx =>(1+tan**/,) dx/z
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dt = (1 +t2) 4%/,

dt =

2dt
1+ t2

2tan 9/2
since sinf = ——>—
1+ tan? 9/2
1 — tan? 9/2
cos =———*=
1+ tan? 9/2

when x=0t=0

XZT[/Z, t=1

1

f”/z dx fl 2dt
B — X
o sSinx+cosx J, 1+¢t2

1+t2

1-t2
1+t2
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X
1+t2 2t+1-—t2

1 dt
zzf
o —(t?2—=2t—1)

B fl 2dt 1+ t?
0

INEN VZ+ (-]
~T2v2 ng/i—(t—mo

—iz V2Z+(1-1) V2+(0-1)
0z P VE-a-1) vIi-0-1)

_1, [1 \/5—1]
RV

(o) s (i)

1
V2 g\/_ 1 Tog \/7+1X\/§+1

L ((\/_ 1))_2 (VZ+1)

VAR

1 N . dx 1 a+x
I =\/—ilog( 2+1) since jmzﬁlog (a—x)
9.Evaluate
fff y™ 1z ldx dy dz Vix,y,z>0,x+y+z<1
Solution

I = fff xmlym=1zn-1qx dy dz
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1 p1-x 1—x-y
I = j f f xmlym=1zn"1qx dy dz
o Jo Jo
1 r1—x 1-x-y
=j j xlmlym-1 U z”‘le] dy dx
0 Jo 0

[

Zn 1+1

n—1+1

1,,m—1

1-x-y
] dy dx

1 r1—x zn 1-x-y
— f ] xl—lym—l (_) dy dx
0o Jo n

! 1—X1 -1.,m—1 n
=jj ~[x Y™ - x - y)"dy dx
0 0

puty = (1 —x)t,x — constant

’=1/nf jlx [(1 = x)e]™

1 1
— 1/n.f xl—l(l _ x)(m+n+1)—1dxj
0

dy = (1 —x)dt

0

—[1—-x(1—x)t]" (1 —x)dtdx

tm—l(l _ t)(n'l‘l)—ldt

=1/Blm+n+1DBMmn+1)

B MNm+n+1 'mln+1 B [lTmIn+1
" all+m+n+1 Tm+n+1 nll+m+n+1
[l Tm nl'n I'mTllTn

nfl+m+n+1

“Tl+m+n+1
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Hence

fff ym 1z ldx dydz = rirm n where Vis the region b
Y = Tmen+i+1 g Y

x=20,y>20,z=>20andx+y+z<1.
10. Evaluate

ﬂf x y z dx dy dz taken over the + ve octant of the sphere x* + y? + z*
= aZ
Solution:

To cover the whole positive octant of the sphere x% + y% + z2 = a?

z various from 0 to /a? — x2 — y?

x various from 0 to+/ a? — x?

y various from 0 to a

Hence the required integral is

a VaZ-x2 ;.\ a?-x2-y2
f f f xyz dz dy dx
0 0 0

a2_x2_y2

a pVa?-x2 72
= f f Xy [?] dy dx
0o Jo

0

J Jaz—x —(a —x% —y?)dy dx

62



a VaZ-x2
= 1/2 f f x(a?y — x*y —y*)dy dx
o Jo

@ [q2y? 2.2 4Va?-x?
l ] dx
0

:1/2j0 X

a 2 2
_ 1/2—[0 x[%(az — x?) — %(az —x?) — %(a2 —xz)zldx

a
= 1/4j x [a‘* —a’x* —x%a® + x* — 1/2 (a* + x* — 2a2x2)] dx
0

a x4,
= 1/4]0 X [a4 —a’x? —x*a* + x* - 1/2 a* -5+ azle dx

4

a [q* X
21/4f x[7—a2x2+—
0

de

a
= 1/8f [xa* — 2a%x3 + x°] dx
0

1 [a4x2 2a’x* N x©
8] 2 4 6 0
1 a® 2a® a®

812 4 6




ab
fffxyzdxdydz ZE

11. Evaluate

f f f x*yz dx dy dz taken over the tetrahedron bounded by the planesx

X Z
=0,y=0, —0and=+7Y/, +-=1
y z and — /b -

Solution :
X = =z=0and—+z+—=1
y a b c
multiply by abc
bcx + acy — labz = abc —* ®
putz=y=0in® => bcx = abc
x=a

put z=0in @
bcx + acy = abc

ay = ab — bx
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_ab—bx
B a

y

® => abz = abc — acy — bcx

abc — acy — bex
7 =
ab

~ the limit of x is from 0 to a

ab — bx
a

=~ the limit of y is from 0 to

abc — acy — bcx
ab

~ the limit of zis from 0 to

q .ab=bx abc—acy—bcx
a b
ﬂfxzyzdxdydz =f f f : x%yz dz dy dx
o Jo 0

ab—bx abc—acy—bcx

a a z? ab
=J J x2y [—] dy dx
0o Jo Z |,

ab—bx

a
j j x%y [a?b?c? + a?c?y? + b%c?x? + 2abc?xy — 2ab®c*x
0o Jo

1
2a%b?

— 2a?bc?y] dydx

ab—bx

2 a
= Cz 2 f f x%y [(x — a)?b? + a?y? + 2ab(x — a)y] dydx
2a*b? J, J,

ab—bx

a
f f x% [b%(x — a)%y + a’y® + 2ab(x — a)y?] dydx
o Jo

CZ
2a2b?




Cc

C2

T 2.12a%b?

C2

- 24a2b?

2

- 24a?b?

b*c?
= 24a4D?

2 a
= xZ
2a%b? JO [

[

b%(x — a)?y?

ab—bx

a’y* 2ab(x —a)y3| @
dx

2X6

jaxz [6b2(x —a)?

4x3 3 X4

ab—bx

x?[6b*(x — a)?’y?® + 3a’y* 4+ 8ab(x — a)y?], ¢ dx

(ab — bx)? N 3a?(ab — bx)*

a? at

8ab(x — b — bx)3
N ab(x azga X) dx

jaxz [6b2(x — a)? - b?(—(x — a))? + 3b*(—(x — a))*

+8b(x —a) - (—(x —a))3] dx

b?c?

" 24q*

b?c?
- 24a*

b?c?
- 24a*

b?c?

24a*

x7  4ax®

6a’x® 4ad3x* a*x

f x?2[6b%(x — a)* + 3b*(x — a)* + 8b*(x — a)*] dx
0

J x% (x —a)*dx

0

f x% ((x% + a® — 2ax)(x? + a® — 2ax)) dx

0

a
J (x® — 4ax® + 6a?x* —4a3x3 + a*x?) dx
0

3a

7 6

5 4 T3
0
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_bzc2 a’ 2a7_|_6a7 7_l_a7 0
240 |77 3 75 T 4T3

b?c? [5(17 +42a’

_ .
-~ 24q* 35 3

__ b2c? [47a7+35a7 a7]
24a* 35 3

3 b%c? [36a’ — 35a’ B b%c%a’
"~ 24q* 35 x 3 ~ 2520a*

2 2
a’b’c

2520

12. Expression

fol x™(1 — x")Pdx interms of Gamma functions & evaluate the integral
1
f x> (1 —x3)10dx
0
Solution
1
J x™(1 —x™)Pdx
0

1
putx”=ux=u/n

dx = 1/nul/"‘ldu = 1/nu1_n/ndu Whenx=0; u=0; x=1Lu=1
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1 1 1-n
f x™(1 —x™)Pdx = j u"m(1 —u)?P 1/n un du
0

0

1 m+1
= l/nj un N (1-uwPtldu
0
1 m+1
=1/ f un b (1-w)@H du
0

1
Since J x™ 11— x)"tdx = p(m,n)
0

=1/nﬁ(m+1 P+1)

)
n

HeremzmTH,n=p+1

1 r™rp+1
x™(1—xMPdx = 1/, —2
Jo Fm—+1+p+1
n
] ( ) = I'mI'n
since f(m,n) = Tmtn

To find fol x°(1 — x3)%dx

1
f x°(1—x)Ydx=>m=5n=3;p=10
0
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L 1o . r%r10+1
fox(l—x) dx = /3F—

%+1o+1

Iroar13 Irzri1 irari
3 3 _ 3

- F5+1+33 - Fﬁ r13
3 3

§r1+1r10+1 11 10!
B r2+1 T 3(12)!

B 10! 1
T 3x12x11x10! 196

! 1
5(1 — x3)10qx = ——
jox( x°)0dx 196

'mTln

12. Prove that f(m,n) =

'm+n

(Or) relation betweenfeta & y Gamma function

Proof:

szj e ¥x™ dx
0

Putx =y? dx=2y-dy

whenx =0=>y=0;x =c0o=>y =o0

I'm = J e " (y-)™ 1 2ydy
0

'm = 2[ e—yz(y)Z(m—l) ydy
0
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Fm — Zf e_yzyzm—2+1dy
0
'm= ZfOMe‘yzyzm‘ldy — @

Similarly 'n= 2f0°°e"‘2x2"‘1dx — @

Multiply ®& @

oo oo

e—y2y2m—1dy . 2.[ e—x2x2n—1dx

I'mxI'n= 2]
0

0
=4 f0°° fowe—(y2+x2) x2n-1 yZm—ldxdy >
To evaluate the double integral in ®. we can use the polar coordinates put

x = rcosf;y = rsinef the area of the element dx. dy becomes rdrd@ to cover this

region in polar co-ordinates we have to take 6 from ‘0’ to g and r from 0 to oo

x =1 cosd dxdy =rdrd6
y=rsined 6 =0to ™/, ;r=o0toe°

x%2 =1r? cos?0

y? =12 sine?0 =>x%+ y? = r?
Ty e )

p(m,n) =4 j J e " (rcos0)*™ ! (rsine )™ 1 rdrdd
o Jo

From ®

T2
I'm.Tn = 4f f e (rcos )21 (rsine 0)2™ L rdrd6
o Jo
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/2
= ZJ (r cos 0)?""1 (r sine 8)?™"1 dO =
0

—r2 - -
— 2] e r r2n 1+42m-1+1 d‘l"
0

oo

— B(m, n) * Zj e—r2r2n+2m—1 dr

0

oo

= B(m,n) * ZJ =P 0) (o + )21 dxdy
0

'm.Tn=B(m,n) «*'m+n from ©&®

I'mTln
'm+n

p(m,n) =
13. Evaluate:

2 2
[ xy dxdy taken over positive quadrant of ellipse % + ::—2 =1

Solution:

@mé




y X a“—x
Rl e2T &
bZ

But given that x,y in positive quadrant

~xliesOtoa

b
~ylies 0 to 2 va? —x?

a gm
ﬂ xy dxdy = j j xy dxdy
0o Jo
22 2
@ Jy=]a 174 (b
:Lx[7] dx:EJO X(;(cﬂ—x”) dx

b2 a
= — | (a?x—x3)dx
ZaZJ;)

" 2a? 4| T 2a%|2 4

B b? [otzx2 x4]a_ b? [a4 a4]
2 4 0

a’b ?
8

.[ f xy dxdy taken overve quadrant of ellipse

14. By changing the order of integration evaluate

f f‘”ﬂ dxdy 4

2 2

—+%—1¢s

2b2
8
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The region of integration is bounded by lines y=x, x=0 ( y axis ) and an infinite

boundary
Take — Strips to x- axis to change the order of integration
The extremities of the strip lieon x=0, y=x.

~ limits of x are from 0 to y and limits of y are from 0 to infinite.

ooe_y y e -y
jj—dxdy—f j —dydx

Me_y 'x’e—y
= [ & —j 4
-[0 y Y o Y Y

= [ ey = e = ~0-1) =

15. By changing the order of integration evaluate
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L xy dxdy 4y

Qle,2a) x% = ay

A
< _
<
y

P(a,a)

y x+y=2a

Here y varies from xz/a to2a—x (ie)y = xz/a andy = 2a — x

x varies from 0 to a. hence the region of integration is OPQ .

by changing the order of integration, we first integrate x keeping y as constant.

Thus the strip is parallel to x axis and x varies .

in covering the same region the end of these strips extend to the line y = 2a-x to
2

the curve y =X /a- hence we divide the integration into two parts by the line

y=a which passes through p
hence for onregion x varies from 0 to ./ay and for other region 0 to (2a — y)

in the first region y varies from 0 to a and in the next region from 0 to 2a.



a r2a-x a prJay 2a r2a-y
f f xydxdy = f f xydxdy + f f xydxdy
o Jx?%/, o Jo a Jo

X varies : Otoyzaz/a&Otox+y=2a=>0tox= ay &0tox =2a—y
yvaries: 0toa & x to 2a.
a [y2 2a xzza—y
= - d — d
] e[
0
1 a 1 2a
=§f y(ay) dy +§j y(2a-y)*dy
0 0

Vay

0

1 a 1 2a
= —f ay? dy +—f (4a® + y? — 4ay)y dy
2 )y 2Jy

1r¢ 1 2a
= —f ay?dy + —f (4a?y + y* — 4ay?) dy
2Jy 2Jy

_1 a_y3a+1 4a2y2+y_4_4ay3 “
3 0 4 0

2 2 2 3
a* 1 2a)* 4a(2a)3 a*  4a*
== +Z= [2a%(20) - —(2a% +=-=
6+2[a(a)+4 3 “CrT T3

_a4+1 104" 112a* a*

] e

_a4 1[120a* — 84a* — 3a*
_?Jril 12 ]

_4a4+5a4_9a4_ 3at
B 24 24 8
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